Introduction.
In this paper, we shall begin the study of the invariant theory of the most general irregular analytic arc in the geometry based on the infinite group G of arbitrary regular point transformations.
Our results are valid for the group of real point transformations of the real plane; or for the group of complex point transformations of the complex plane. Kasner has developed the corresponding theory in the conformai geometry of the complex planed). The present paper opens up a new aspect of restricted topology.
Our subject is then the equivalence theory of a single arc or curve. When can one analytic arc be converted into another analytic arc by an arbitrary regular point transformation of the plane? It is apparently implied, in the current literature, that there is no problem here. For any curve (it is implied) can be converted into any other, in particular, into the x-axis. But this is based on the assumption that the arcs are regular. If we give up this assumption, we have actual problems which certainly seem worthy of treatment.
Our subject is therefore the invariant theory of a general irregular analytic arc under the group G of arbitrary regular point transformations.
More exactly, the configuration we shall discuss is not simply an analytic arc but rather that arc together with a specific point of the arc. This compound configuration we shall term an analytic element. It consists of a pointthe base point which shall be taken as the origin throughout this paper-and an analytic arc through the point. It may be described also as a differential element of infinite order (2).
The most general analytic element, if the given point o is taken as origin, is represented by writing x and y as integral power series in a parameter t without the constant terms. If the parameter t is eliminated, then y is found as a series in x which may proceed according to integral or fractional powers Presented to the Society, January 1, 1941, under the title The classification of analytic arcs or elements under the group of arbitrary point transformations;
received by the editors January 2,
1941.
0) Kasner, Conformai classification of analytic arcs or elements; Poincaré's local problem of conformai geometry, these Transactions, vol. 16 (1915), pp. 333-349. (z) Kasner has introduced elsewhere the concept of divergent differential element of infinite order. This corresponds to a divergent power series and may be represented by a nonanalytic arc having specified values for all the successive derivatives. Thus to every power series corresponds a geometric entity which may be real or imaginary, regular or irregular, convergent or divergent. This entity is the most general differential element. If it is convergent, we call it an analytic element (regular or irregular), or more loosely, an analytic arc or a curve. of x. If fractional exponents enter and cannot be avoided by interchanging x and y (this will then necessarily be the case for any choice of rectangular axes), we shall call the element irregular (?) ; otherwise the element is regular.
Our new problem is to classify with respect to the group G of arbitrary regular point transformations all irregular analytic elements. It is obvious that all regular elements are equivalent under the group G of arbitrary point transformations.
That is, all complex regular elements (both real and imaginary) are equivalent under the group G of complex point transformations;
whereas all real regular elements are equivalent under the group G of all real point transformations.
Any regular element may be reduced to the canonical form y = 0 (the x-axis together with the origin as base point).
But for irregular elements, the results are quite complicated. (See the  table on page 235 .) It is clear, for example, that the cuspidal element y=xil2 cannot be converted into the regular element y = 0, nor into the irregular element y = x4/3. For these curves differ qualitatively in the nature of the singular point at the origin. However, suppose the two proposed elements have the same kind of irregularity (in a sense to be later defined, depending on agreement of certain exponents-certain arithmetic invariants); will they necessarily be equivalent?
If not, certain combinations of the coefficients will be invariant, that is, there will be absolute differential invariants. For example, we find that every differential element of the form can be reduced to y=x9,i. Hence in the first type there are no invariants; in the second type there exists an invariant.
In general, irregular elements have absolute differential invariants; certain exceptions arise, namely, those in which the corresponding series in x proceeds according to powers of the square root, and the cube root, and three particular types of series in x which proceed according to powers of the fourth root. All the other cases possess absolute differential invariants. Statement of results. We shall throughout this paper assume that our group G of arbitrary regular point transformations leaves invariant the fixed point o (the origin) of our analytic element and that it is regular in the neighborhood of o. Thus our group G is EDWARD KASNER AND JOHN DeCICCO where the jacobian J = aoißio -«loßoi^O. We therefore shall study the invariant theory of an analytic element (with the origin as base point) with respect to the group G as given by these equations. Any analytic element with origin as base point may be defined by setting x and y equal to two power series in a parameter t without constant terms. Let p 2: 1 be the minimum of the two exponents of the two leading terms of the two power series in t. By interchanging the coordinates x and y appropriately, we can always arrange that the exponent of the leading term of the power series defining the abscissa x shall be our number p. Therefore any analytic element may be written in the form
where q is the first qth power of the pth root of x which is not a multiple of p. That is, the integer q = rp-\-s is such that the integers r and 5 satisfy the inequalities r =i 1 and 0<s<p. If cä?^0, our element is said to be irregular. Otherwise our element is said to be regular. Thus an element is regular if p = 1 (and hence no such term cqxqlp can appear in our power series); or if p¡ji2 and if cq = 0 (the coefficient of any actual fractional power of x is zero).
For an irregular element the integer p ïï 2 is called the index and the integer q = rp-\-s, r^l, 0<s<p, is termed the rank. All irregular elements obtained by taking arbitrary values of the coefficients, but fixing the values of both p and q, we shall define as forming the single species (p, q). It is proved that the index p and the rank q are arithmetic invariants.
Our main result follows:
Absolute differential invariants, that is, functions of the coefficients unaltered by the group G of arbitrary point transformations, exist for all irregular species (p, q) except in the cases (4, 5), (4, 6), (4, 7), (3, q), and (2, q). The species (4, 5) may be divided into two distinct sets, and the species (4, 7) may be separated into three distinct sets; the elements of any one of these sets are all equivalent to each other. The species (4, 6) and (3, q) may be separated into a denumerably infinite number of such distinct sets. All the elements of the species (2, q) are equivalent to each other-the canonical form is y =x"n. Finally all the regular elements are obviously transformable into each other, the standard form being y =0.
The species (p, q = rp-\-s) for which r2:2 and 0<s<p -2, or for which r=\ and 2<s<p -2, possesses an absolute differential invariant of order The species (p, q = rp+s) for which r 3:2 and 1 <s=p -2, or for which r= 1 and 3<s = p -2, possesses an absolute differential invariant of order g+ 3. This involves only the coefficients cq, cq+i, and cq+3.
The species (p, q = rp-{-s) for which r 3:2 and 2 <s=p -l, or for which r = 1 and 3<s=p -\, possesses an absolute differential invariant of order g + 3. This involves only the coefficients cq, cq+2, and cq+3.
The species (p, q=p-\-l) for which p>4 possesses an absolute differential invariant of order g + 3 =£ + 4. This contains only the coefficients cp+i, cp+2, Cp+3, and Cj,_)-4.
The species (p, q = p-\-2) for which p >5 possesses an absolute differential invariant of order g + 3=p + 5. This contains only the coefficients cp+2, cp+3, Here the species is determined by the value of p in the left column and the value of g in the top row. The blank spaces denote the fact that there are no such species. In the body of the table we find the order of the absolute differential invariants discussed above. The asterisk indicates that the corresponding species has no absolute invariant and further that all members of that species are equivalent under the group G of arbitrary point transformations. The dagger indicates that there are no absolute differential invariants but that the members are not all equivalent:
there exists a certain relative differential invariant, hence there is a division of such a species into a finite number of subspecies, all distinct with respect to the group G of arbitrary point transformations.
On the other hand, the double dagger indicates that there exists a certain arithmetic invariant and hence the species (4, 6) can be divided into an infinite number of subspecies.
1. Discussion of the regular elements. Every regular element: The normal form of a regular analytic element is y = 0 (the x-axis together with the origin as base point).
Our purpose in stating this elementary result is to give a complete classification of all elements both regular and irregular. Henceforth we only have to confine our attention to irregular elements. In the next section, we shall discuss the index p and the rank g of any irregular element.
2. The invariance of the index p and the rank q. First let us note that by the point transformation
our irregular element (2) is carried into the irregular analytic element
where the coefficients cq, cq+i, cq+2, • • • of this element are identical with the corresponding ones of our irregular element (2). Thus the transformation (3) eliminates the first r integral powers of x.
Applying any transformation of our group G to this element (4), we find as the parametric equations of our new element
Since the jacobian of the transformation is not zero, at least one of the quantities atoi or ßoi is not zero. Hence the number p is the minimum exponent in the two power series defining our new element and therefore must be its index. Thus the group G preserves the index p.
By interchanging the coordinates X and Y appropriately, we can always arrange so that «oi^O. Upon setting X-T", the first of the preceding equations defines t as an integral power series in T. This power series must be of the form t = AiT + Ap+iTp+l+A2p+iT2p+l+---
where the exponents after the last written term increase by one (as far as we know).
Substituting this into the first of equations (5), we obtain aoi^4i = 1,
paoiAi Ap+i + ao2Ai =0,
This system of equations determines the ^4's in terms of the as. We note that Ai9¿0. It is also important to note that the last written equation contains only two terms.
If (aoi)1/p denotes one and only one pth root of «oi, then it is easily seen that these equations determine a one-to-one correspondence between 
Vf1
This is needed for the completion of our argument. Now substituting (6) into the second of equations (5), our new element (5) may be written in the form
This equation shows that the first power of the pth root of X which is not a multiple of p is the integer q. The coefficient of this power is not zero because of (8). Hence the rank q is also preserved.
Theorem
2. The index p and the rank q of an irregular element are both arithmetic invariants under the group G of arbitrary point transformations.
This theorem justifies our definition of the species (p, q). That is, under the group of arbitrary point transformations any species (p, q) of irregular elements is carried into itself.
By the above equation, it is found that the subgroup G' of the group G which carries the element (4) into one of the same form is Since our group G may be factored into the product of the group (3) by the group G', and since the group (3) preserves the coefficients cq, cq+i, • • • , it is necessary merely to study the invariant theory of the group G'.
In the following, we shall find the different invariants of lowest order of our irregular elements. For this purpose, we shall find it convenient to classify our elements according to the types of invariants which arise. See § §3 to 14 which follow. Some of the twelve classes are simple and some are complicated. The invariants found vary greatly in structure it will be observed.
3. The discussion of the species (p, q = rp+s) for which rèz2 and 0<s<p -2, or for which r=l and 2<s<p -2. Substituting (6) into the second of equations (10), we find because of our inequalities the following transformation formulas between (cq, cq+u cq+2) and (Cq, Cq+i, Cq+2) :
These equations immediately yield the following result.
Theorem 3. The species (p, q = rp-\-s) for which rS;2 and 0<s <p -2, or for which r=l and 2<s <p -2 possesses the absolute differential invariant of lowest order
The order of our invariant is g + 2, its weight is 2g + 2, and its degree is 2.
4. The discussion of the species (p, q = rp+s) for which r2:2 and \<s = p -2, or for which r = 1 and 3<s = p -2. Again because of our inequalities, we obtain the following transformation formulas between (cq, cq+i, cq+3) and (Cq, Cq+i, Cq+3) :
Therefore Theorem 4. This species possesses the absolute invariant
The order is g + 3, weight is 3g + 3, and degree is 3.
5. The discussion of the species (p, q = rp+s) for which r¡^2 and 2<s = p -l, or for which r = \ and 3 <s = p -1. Because of these inequalities, the following transformation formulas between (c" cq+2, cq+3) and (Cq, Cq+2, Cq+3) are obtained : The order is g + 3, weight is 3g-f-6, and degree is 3. 6. Discussion of the species (p, q = p+l) for which p>A. For the case q = p-\-\, we find that the parametric equations (5) for our transformed element assume the form
Let X=TP. The first of the preceding equations defines t as an integral power series in T. This power series must be of the form (18) t = A1T + A2T2 + A3Ti+ ■ ■ ■ , /l^O. Substituting this value of / into the first of the preceding equations, we obtain the following system of equations:
Now if Cp+i^0, we find that ^4i and A2 are arbitrary, but A3 and A4 are dependent, being given by 
The order is g + 3 =£ + 4; weight is 3g+ 3 = 3^ + 6, and degree is 6. 7. Discussion of the species (p, q = p + 2) for which p>5. The calculations for our transformed element will be given by the equations of the preceding section if we assume ep+i = 0 but ¿"+2^0.
Under this restriction we find that 4^0 and A3 are arbitrary but 42 and 44 are dependent, being given by Performing the elimination of ß\n, Ai, A3, and Ai from these equations, we find Theorem 7. The species (p, q = p + 2) for which p>5 possesses the absolute invariant
The order is q+3=p-\-5, weight is 3q-\-3 = 3p-\-9, and degree is 3.
8. Discussion of the species (5, 7 ). For the species (p = 5, q = 7 ), it is found that the parametric equations (5) Substituting (27) into the second of equations (26), we obtain the follow- Cl(ClCu -8C7C9 -8c8c9)
The order is 11, weight is 32, and degree is 4.
9. Discussion of the spaces (5, 8). The material for our transformed element will be given by the equations of the preceding section if we assume c7 = 0 but Cg^O.
Since Cg^O, we find by equations (28) 
The order is 12, weight is 36, and degree is 4.
10. Discussion of the species (4, 5). In the following, we shall show that this species only possesses a relative differential invariant.
This species therefore can be separated into two distinct sets, the elements of any one set being equivalent.
Part of the work for finding the coefficients of the transformed element is the sanie as that performed for the species (p, q = p + l) for p>4 ( §6). As a matter of fact the first three of equations (21) are valid. From these it follows that the species (4, 5) possesses (10e5c7-lie2,)2/«:* as a relative differential invariant.
In the following, we shall prove that there are no more relative differential invariants. This is done by reducing our species (4, 5) to the canonical form. which will carry our element into the canonical form y-xili-\-x''11. Therefore it must be shown that the an¡ and the /3,-y (i = 0, 1, 2) can be determined so that our transformation carries the canonical form into the element (36). Now if we perform this transformation on the canonical form y = xiliJt-xVi, the parametric form of our transformed element is The first of these equations defines / as an integral power series in T if we let X= Ti. This power series must be of the form t=AiT+AiT6-\-AgT9-\-■ • ■ where Aiy^O. If we let A1/4, denote a definite fourth root of At, it may be established that there exists a one-to-one correspondence between («oi, «02, • • • , «on, ■ • • ) and (Ai, A6, ■ ■ ■ , Aln-3, ■ ■ ■ ). Therefore we may replace the unknown a's by the unknown A's.
In the second of the preceding equations, let us replace the coefficient of ¿4n+4 by Bin+i, the coefficient of tin+e by Bin+6, and the coefficient of t4n+1 by Bin+i where »=1, 2, 3, • • • . Then obviously there exists a one-to-one correspondence between the 0¿y and the Bk. Thus we may substitute the unknown B's for the unknown ß's. Hence we are able to find unique values for all the 4's and the B's and therefore (39) actually represents our element (36). Thus the species (4, 5) for which the relative differential invariant (IOC5C7-llclf/cl^O possesses no additional invariants.
The canonical form is y = x6/4+x7/4.
Finally let us consider the case for which our relative differential invariant is zero. Then for our element (36) Thus our species (4, 5) may be separated into two distinct sets according as this relative differential invariant is not or is zero. The canonical forms of these two distinct sets are y=xil4-\-xv-4, and y = x&li, respectively.
11. Discussion of the species (4, 7). For this case, we see that the parametric equations (5) Let X = T4. The first of these equations defines t as an integral power series in T. This power series must be of the form (48) t = Atf + AtT* + AtT* + AtT* + A7r H-, Ai * 0.
Upon replacing / by this value in the first of equations (47), we obtain the following system of equations Upon substituting (48) into the second of equations (47), we obtain the following transformation formulas between (c7, eg, c9, Ci0, Cn, Cn, ci3) and (C7, Cg, Co, Cio, Cn, Ci2, Ci3) : License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
By these equations, we discover that the species (4, 7) possesses cl/c* as a relative differential invariant. Moreover if this relative invariant is zero (c3 = 0), then the species (4, 7) will possess (14:C7ci3 -17 c%)/c? as a relative differential invariant. In the remainder of this section, we shall demonstrate that there are no additional invariants. This is accomplished by reducing our element of species (4, 7) to the canonical form.
In the first place, it is observed that the transformation 4cio (52) X= x + -y, Y=y, lc\ will carry our element (4) of species (4, 7) into an element of the form (53) y = ¿7*7/4 + ¿s*8'4 + ¿9*9/4 + dnxuli
where the d's are certain functions of the c's. Our first relative differential invariant for this element is d%/d7. Thus we have to discuss this element according as ¿9 t^ 0 or d9 = 0. Let us now consider the case where ¿9^0. By a very similar argument to the one given near the beginning of §10, it is very easy to demonstrate the (formal) existence of a unique transformation which is the inverse of a correspondence of the form (37) which will carry out element (53) into the canonical form y = x7li-\-x9,i. Therefore the species (4, 7) for which the relative differential invariant cl/c7¿¿0 possesses no additional invariants.
The normal form is y = x7li-\-x914.
Next let us consider the case where ¿9 = 0. For our element (53), our second relative differential invariant is 14¿13/á2. We next have to consider this element according as dn^O or ¿13 = 0.
We observe that in any case (whether ¿135^0 or ¿13 = 0) that the transformation It remains to discuss this element according as e^^O or Ci3 = 0. Let us now consider the case where e^^O. By an argument very similar to the one given near the beginning of §10, it is easy to prove the (formal) existence of a unique transformation which is the inverse of a correspondence of the form (37) which will carry our element (55) into the canonical form y = xlli-srx13li. Therefore the species (4, 7) for which c9 = 0 and the relative differential invariant (14c7c13 -17c20)/c7?i0 possesses no other invariants.
The canonical form is y=x7li+x'L3l'i. will carry our element (57) into the normal form y =x7/4. Therefore the species (4, 7) for which c9 = 0 and 14c7C13 -17c20 = 0 possesses no additional invariants. The canonical form is y=x7/i. We thus may make the following statement. The species (4, 7) does not possess any more invariants. Therefore our species (4, 7) has been divided into the following three distinct sets: (A) Those for which c9^0. The canonical form is y = x7/4+x9/4. 12. Discussion of the species (4, 6). It is clear that any curve of this species must be of the form where not only c65¿0 but also cq^O where (? = 2p + l ^ 7 denotes the first odd power of the fourth root of x which appears in the series expansion for y. For otherwise our element would simply be an element of the species (2, 3), which shall be discussed at the end of our paper. Upon substituting this into the equations (10) Until the (2p -3) term only odd powers appear. Thereafter the exponents of T increase by one (as far as we know).
Substituting this into the first of equations (62), we discover that all the Ai^O, A3, As, • • ■ , A2p-3 are arbitrary but that we have
Finally replacing / by this series into the second of equations (62), we obtain the following transformation formulas between (ce, C2H-1, c2p+3) and (Ce, C2P+1, C2P+3) 6 2p+l Cs = 010*4 id, C2P+1 = 0io*41 c2p+i, From these results we immediately deduce that the integer Ç = 2p+1 ^7 is an arithmetic invariant and Cq/cq1 is a relative differential invariant.
In the remainder of this section, we shall prove that there are no more invariants. where the d's are certain functions of the c's. We note that our transformation has eliminated the (2p + 3)rd power of the fourth root of x. Now we shall demonstrate the existence of a transformation which is the inverse of a correspondence of the form (37), which will carry our element (66) [March (67) into the canonical form y = x3/2+xQ/4. Thus the a0j and the /?,-,■ (i = 0, 1, 2) must be determined so that this correspondence (37) carries the canonical form into our element (66). Now if we apply our transformation (37) to the canonical form y=x6li +#(2'+1)/4, we find as the parametric form of the transformed element In the second of the preceding equations, let us replace the coefficients of /6, t10, t14, ■ ■ • , t4"-2 by Be, Bio, Bu, ■ • • , Bip-2, respectively, the coefficient of ti"~'!+4n by Bt-1+in, the coefficient of t2p+3+4n by B2p+3+in, and the coefficient of ¿4n+4 by Bin+i for n = 1, 2, 3, • • • . There obviously exists a one-to-one correspondence between the ßa and the Bk.
Therefore our problem is to determine the 4 's and the B's so that the equa- that g+g,f^0 mod 3 (i = l, 2, ■ ■ ■ , n-1) but g+<2 = 0 mod 3.
The correspondent of this element under any transformation of our group G' (equations (12) By the first of these equations, we find that t is defined as an integral power series in T where X = T3. This power series must be of the form where the exponents after the last written term increase by one (as far as we know). Substituting this into the first of equations (72), we discover that (4i5¿0, 44, 47, • • • , 43r_2, 43r_i) may be taken as arbitrary quantities. Now let us consider the case where Q<2q -3. In this case, it is found upon substituting (73) into the second of equations (72) that the following transformation formulas exist between (c" c0) and (Cq, Cq):
q Q (74) Cq = 0io4ic" CQ = 0io4iCq.
Thus the integer Q is an arithmetic invariant (since Cq^O and hence Cq^O), and the expression Cq_1/c?_1 !i a relative differential invariant.
Next, by examining the cases s = l and 5 = 2 separately it may be shown that there exists a unique transformation which is the inverse of a correspondence of the form which carries our element (71) for which Ç<2g -3 into the normal form y =x<,l3-\-xctl3. Therefore the canonical form of the species (3, q) for which Q is the first power of the cube root of x in the series expansion for y such that q + Q = 0 mod 3 and q<Q<2q-3 is y=x"l3A-xQI3.
It remains now to examine the case for which Q^2q -3. First it may easily be verified that there exists a transformation which is the inverse of a correspondence of the form Finally it may very easily be shown by examining the cases s = l and s = 2 separately that there exists a transformation which is the inverse of the correspondence X=x, Y = \j/(x, y) which carries our element (79) into the standard form y=xql3. Therefore the canonical form of the species (3, q) for which Q is the first power of the cube root of x in the series expansion for y such that q+Q^é0mod3andQ^2q-3isy=x"'3.
The following statement is thus found.
Theorem 13. In the species (3, q) let Q be the first power of the cube root of x in the series expansion for y such that q-\-Q = 0 mod 3. // Q is such that q<Q<2q -3, then our species possesses Q as an arithmetic invariant and the expression «-i carries any element of our species into the element y = x(2r+l)l2. Hence Theorem 14. The canonical form of the species (2, q) is y = xql2. There are no differential invariants. The only arithmetic invariant is q. This completes our classification of analytic elements. This has been based on the type of lowest order differential invariant.
(Higher invariants will be discussed elsewhere.) Accordingly our classification leads to one regular type and twelve irregular types. This is more complicated than the conformai classification discussed elsewhere^). 
